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This paper considers the estimation of the volatility of the instantaneous short inter-
est rate from a new perspective. Rather than using discretely compounded market rates as
a proxy for the instantaneous short rate of interest, we derive a relationship between ob-
served LIBOR rates and certain unobserved instantaneous forward rates. We determine the
stochastic dynamics for these rates under the risk-neutral measure and propose a ﬁltering
estimation algorithm for a time-discretised version of the resulting interest rate dynamics
based on dynamic Bayesian updating. The method is applied to US Treasury rates of vari-
ous maturities and is found to give a reasonable model ﬁt.
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11 Introduction
Literature on estimation in models of the instantaneous spot rate of interest has burgeoned
since the seminal contribution of Chan et al. (1992) (henceforth CKLS). The sustained interest
in this topic is due to the great deal of activity, both amongst academics and practitioners, in
pricing interest rate related securities.
CKLS applied the generalised method of moments (GMM) to estimate the parameters of
a one factor model of the instantaneous spot rate of interest that is mean-reverting in the drift
term and has a diffusion term that is of constant elasticity in the spot rate. Their estimate for
US data of about 1.5 for the elasticity in the diffusion term provoked much discussion as it was
much higher than the value of 0.5 for the popular Cox, Ingersoll and Ross (1985) model.
Subsequent contributions either extended the basic CKLS formulation and/or considered
alternative estimation procedures.
Longstaff and Schwartz (1992), Brenner et al. (1996), Andersen and Lund (1997) and
Koedijk et al. (1997) in various ways add volatility dynamics to the model for interest rate
dynamics. Sun (2003) considers a quite general speciﬁcation allowing for a non-linear drift as
well as ARCH-type stochastic volatility.
Asfarasestimationmethodologyisconcerned, GMMhasremainedthework-horseformost
of the empirical studies cited. However Nowman (1997, 1998) applied the Gaussian estimation
techniquesdevelopedbyBergstrom(1990)forcontinuoustimestochasticdifferentialequations.
In contrast to GMM the Gaussian estimation methodology has the advantage of producing an
exact maximum likelihood estimator. Episcopos (2000) subsequently applied this methodology
toestimatetheparameters oftheCKLSspeciﬁcationfortheshort-terminterestrateforanumber
of countries. Interestingly he obtained estimates for the elasticity in the diffusion term that
are much lower than those obtained by CKLS. The fact that two well established estimation
methodologies can yield widely differing parameter estimates suggests a need to look at the
estimation issue from a different perspective and that is one of the motivations for the current
paper.
Irrespective of the estimation methodology one employs, another signiﬁcant issue relates
to what data is used to proxy the instantaneous spot rate of interest that itself is not an ob-
served quantity. Proxy variables that have been used include US one-month Treasury bill rates
(CKLS) and one-month interbank rates (Episcopos). It seems strange that the literature has not
developed in the direction of deriving and including in the estimation procedure, the stochastic
differential equations that the assumed dynamics of the instantaneous spot rate imply for these
market observed rates. Certainly Chapman et al. (1999) have provided some evidence that use
of the indicated proxy variables may not induce a great deal of error. However given that the
choice of appropriate estimation procedures is not yet an entirely settled issue, it would seem
useful to establish a framework that removes entirely any potential for errors or biases due to
choice of the proxy variable. The current paper provides such a framework.
In this paper we use the framework of Heath-Jarrow-Morton (1992) (henceforth HJM) to
model the dynamics of the interest rate market. The starting point of HJM is a speciﬁcation of
the dynamics of the forward rate to any general maturity. We specify a forward rate volatility
function that yields the same volatility function for the instantaneous spot rate of interest con-
sidered in the earlier cited literature. An important difference is that the dynamics of the interest
2rate processes occur under the risk-neutral measure. Under this measure the HJM procedures
enable us to obtain the dynamics of pure discount bond prices. These can in turn be related to
the discretely compounded LIBOR rates. This link then enables us to determine the dynamics
for LIBOR rates. It turns out that the dynamics of the LIBOR rate, the instantaneous spot rate
of interest and another instantaneous forward rate evolve simultaneously under the risk-neutral
measure. The link between pure discount bond prices and LIBOR rates mean that these rates
can beregarded as observableundertherisk-neutral measure, whilsttheothertwo instantaneous
rates just referred to are not observable. We are thus dealing with a partially observed stochastic
dynamic system whose estimation may be undertaken by the use of non-linear ﬁltering meth-
ods. Here we develop a dynamic Bayesian updating algorithm similar to the one proposed in
Chiarella, Pasquali and Ruggaldier (2001). The basic approach proposed here has been applied
to a much simpler (and approximate) representation of discrete tenor interest rate dynamics in
Bhar, Chiarella and Runggaldier (2002).
The plan of the paper is as follows: in section 2 we derive the stochastic dynamic system
followed by the instantaneous spot rate and discretely compounded LIBOR rates. Since the
data are observed in discrete time, in section 3 we outline the way in which the continuous time
stochastic differential equation system is discretised. In section 4 we outline the way in which
the dynamic Bayesian updating algorithm is applied to the estimation problem. In section 5 we
discuss implementation issues and apply the algorithm to some U.S. data. Section 6 concludes
and makes suggestions for future research. Detailed technical derivations are relegated to the
appendix.
2 TheDynamicsofLIBORRatesImpliedbyHJMBondPrices
We use the Brace and Musiela (1994) (henceforth BM) parameterisation of the HJM model,
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is the initial forward curve,
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instantaneous forward rate volatility function that could (and in our application will)depend on

























It is important to stress that even though we use the BM parameterisation for the forward














. This is in contrast to BM who




















































































































































Next we relate the
)







. We then derive the re-
lationship between the bond price and the underlying state variables (a set of discrete tenor
forward rates) upon which the forward rate volatility function depends. The dynamics of these
state variables determine the evolution of the forward curve.






over which we have a set of observations of the
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is related to the continuously compounded Brace-Musiela forward


































































































































































is a vector of discrete tenor forward rates chosen in the
belief that these particular maturities most affect the evolution of the forward curve e.g. perhaps
they correspond to the most liquid maturities. In our subsequent application we shall specialise














































is a given, arbitrarily small
constant.
This representation is consistent with the earlier cited empirical literature that concentrates















































Subsequent applications could allow for dependence on a number of different tenor forward
rates.
Chiarella and Kwon (2003) show that with the speciﬁcation (12) the bond price may be
















whose tenors may be chosen arbitrarily. The relevant details are summarized in Appendix 2

































































aredeﬁned ingeneral byequations(70)and (73)and evaluatedfor


















































































































































used to specify the
particular volatility structure (12), we use the foregoing term structure dynamics as follows.













given by (13)) as the observation equation, with




























being driven by the system

























upon which the volatility function is

















, in which case an additional two stochastic differential equations for their
dynamics would have to be appended to the system (14). The particular choices made in this
regard are implementation issues.
Turning to our particular implementation with the volatility function (12), this ﬁts into the


































































will append an additional stochastic
differential equation to the one to which the system (14)reduces in this case.








































































































































































































































As we have stated, the choice of
)
i
is arbitrary, for an initial implementation we choose
)
i
to be the same as the tenor
)




















￿ and the precise expressions are given in equations (81)-(83).




Howeverthe LIBOR rates are observed under the real world measure
8
. To convert the dynamic
(14) to the dynamics under
8
we would have to introduce the market price of interest rate risk.
However if we assume (as we shall) that the market price of risk is at most a time deterministic
function (and so in particular not stochastic) then the diffusion of the underlying process will





. Of course the drifts will differ but we are not concerned in this
paper with estimating the drift term. If the market price of risk were stochastic, either through
dependence on some of the state variables, or because it follows some independent stochastic
differential equation then we would need to consider the dynamics and estimation procedure
under the historical measure. The Bayesian updated algorithm (appropriately modiﬁed) to be
described below could still be applied to the resulting stochastic dynamical system.
3 State Space Form of the Model
Summarizing the results of the previous section, we shall take as our partially observable sys-






















































































































































































































































































to denote the state vector. This enables us to write the

































































































































7Financial implementations of estimation methodologies are usually carried out in a discrete
time setting as data are observed discretely. Thus we discretise (16), (17) using the Euler-
















































































































































































































































































































































. From equations (9) and































































































































































is serially uncorrelated and independent of the
b
p




, would reﬂect features (such as bid-ask spread) of the LIBOR market. In order to






























































84 The Dynamic Bayesian Updating Algorithm



































































































































































which is immediately seen to be singular (the conditional correlation among the two compo-
nents is equal to 1 and their joint distribution degenerates). The two components of the state



















































































































that (see (24) with (11), (12)




































, and making use of (35) we may



























































































































































































































































































































































































































































































is supposed from the outset to take only a ﬁnite number of values and so in the












gence of the ensuing approximation see Proposition 4.1 below).

























































































































































ﬁ pick a representative





































J(alternative choices for representative elements are equally valid).



























consider further 8 subsets of
￿
i
, denoted also by
￿






































































































































































































































































































































































































forms now a partition of all of
￿
i



























































































of the corresponding transition probability matrix in period
q
. We then have, using the explicit
































































































































































































































































































































































































































































































































































































is the cummulative standard Gaussian distribution function.
































































































































































































































































































































































































































































































































































































































































































We next show that the discretization introduced above to make the recursion (40) com-
putable is meaningful by showing that the approximate conditional distributions computed via
(44) converge in a suitable weak sense to the original conditional distribution corresponding to
(40). Since
￿
is discrete already from the outset, it sufﬁces that we consider the convergence of
the conditional distributions for each ﬁxed value of
￿
. We have in fact the following
Proposition 4.1 (Weak convergence of conditional distributions)








, we have for any period
q
, for any sequence of observations
ƒ
p


















































































Proof: See Appendix 2.






Corollary 4.1 (Convergence of the marginal distributions of
￿


























































































































































































Since power functions are not uniformly continuous nor bounded, Proposition 4.1 and
Corollary 4.1 would not allow us to obtain convergence of the conditional moments. We can,
however, obtain their convergence by truncating them with an arbitrarily large truncation factor.
5 Empirical Analysis









Figure 2: The initial yield curve and its interpolant on
J
st December 1997.
We take the daily 1 year US swap rates from Datastream for the period
J
st December 1997 to
J









J. The initial yield curve (thin line in ﬁgure 2) is formed
using the 1 to 11 months US LIBOR rates and the 1 to 15 years US swap rates observed on
J
st








































































































































cells to give a total of 28611 combinations for
￿
, which are stored



































% is discretised as described in section 4.































peak of the distribution lies approximately on the circle with radius 0.045. This can be seen
more clearly in the contour plot in ﬁgure 4.












































. The colored region is the region where the probability is greater than
zero. Figure 6 shows the distribution against the theta number. The maximum occurs at number






























is shown in ﬁgures 7 and 8. A contour plot is shown in ﬁgure 9.
It is interesting to note that the value of
g (0.791) at which the maximum occurs is not far
from the value of 0.7079 obtained by Sun (2003) using weekly US T-bill rates and maximum
likelihood estimation of a simple discretisation of the standard stochastic differential equation











































































































. In the green region the probability is nonzero.









































viewed parallel to the
u






, but the centre
is larger than that value.














































We have derived the risk-neutral dynamics for unobserved factors upon which pure discount
bond prices depend within the Heath-Jarrow-Morton framework using a certain forward rate
volatility speciﬁcation. We have then used the link between LIBOR rates, forward rates and
pure discount bond prices to obtain the corresponding dynamics for LIBOR rates. The overall
stochastic dynamic system can then be treated as a partially observed system with changes in
the LIBOR rates being the observations. We have considered a discretised version of the model
and developed a dynamic Bayesian updating algorithm to obtain the distribution of the model
parameters conditional on the observed market LIBOR rates. The algorithm has been applied
to some U.S. data and gives a model ﬁt that seems consistent with some of the traditional
econometric studies.
In addition to avoiding the use of proxy variables for the instantaneous spot rate of interest,
the methodology proposed here has the advantage that a number of available discretely com-
pounded rates may be used as theobserved quantities. In this way onecould obtain thevolatility
for theinstantaneousspot rate mostconsistentwith a set ofdiscretely compoundedLIBOR rates
whose maturities are of most relevance to the application at hand.
Future research needs to relax some of our restrictive assumptions, in particular the non-
stochasticity of the market price of interest rate risk. More work also needs to be done on
statistical diagnostics to assess the goodness-of-ﬁt of the estimated models.
197 Appendix1: BMDynamics-ForwardRateDependentVolatil-
ity Function




















Under the risk neutral measure
.
8


































































































































































































































































































































































































































































































































































































































































































are both stochastic, so in terms of Chiarella and Kwon (2002)



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































248 Appendix 2: Proof of Proposition 4.1.
(The proof is an adaptation to the present situation of the one of Theorem 4.1 in Bhar,
Chiarella and Runggaldier (2000).)
In the proof we shall use
￿
–












































for a given value of
￿



























































































































































































































































































































































































































































































































































































































































































as in (38) is uniformly
continuous in
￿ for all values of
ƒ and
￿











































































































































































































































































































































































































































































. Combining (97) with (91) and (94)
allows to complete the induction step and thus the proof of the proposition.










is uniformly continuous in
























































































































































































































































































































































































































notice in fact that it is continuous and the limit for
￿
p
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